Abstract Vertical total electron content (VTEC) parameters estimated using global navigation satellite system (GNSS) data are of great interest for ionosphere sensing. Satellite differential code biases (SDCBs) account for one source of error which, if left uncorrected, can deteriorate performance of positioning, timing and other applications. The customary approach to estimate VTEC along with SDCBs from dualfrequency GNSS data, hereinafter referred to as DF approach, consists of two sequential steps. The first step seeks to retrieve ionospheric observables through the carrier-to-code leveling technique. This observable, related to the slant total electron content (STEC) along the satellite-receiver line-of-sight, is biased also by the SDCBs and the receiver differential code biases (RDCBs). By means of thin-layer ionospheric model, in the second step one is able to isolate the VTEC, the SDCBs and the RDCBs from the ionospheric observables. In this work, we present a single-frequency (SF) approach, enabling the joint estimation of VTEC and SDCBs using low-cost receivers; this approach is also based on two steps and it differs from the DF approach only in the first step, where we turn to the precise point positioning technique to retrieve from the single-frequency GNSS data the ionospheric observables, interpreted as the combination of the STEC, the SDCBs
Introduction
Global navigation satellite system (GNSS) data are a valuable source of information for sensing the Earth's ionosphere (Hernández-Pajares et al. 1999; Komjathy et al. 2005; Li et al. 2015; Liu and Gao 2004; Mannucci et al. 1993) . Although the ionospheric parameters that one can estimate from GNSS data are various (Dyrud et al. 2008; Lognonné 2006; Yao et al. 2013) , the vertical total electron content (VTEC) is generally the most widely used Azpilicueta 2010, 2009) ; its empirical importance lies in contributing useful understanding to the physics behind different space weather phenomena (Gulyaeva et al. 2014; Komjathy 2012) , in providing valuable insights into the possible causes of natural and man-made hazardous events (Artru et al. 2005; Dautermann et al. 2007; Park et al. 2011) , and in delivering corrections to the ionospheric effects on signals transmitted by the other space geodetic techniques than by the GNSS (Dettmering et al. 2014; Sardon et al. 1994b ). On the other hand, the satellite differential code biases (SDCBs), defined as the deviations of the satellite code instrumental delays on one frequency from their counterparts on another frequency (Sardon et al. 1994a ), account for one major source of error in positioning, navigation and timing (PNT) applications that employ undifferenced GNSS code and phase data (Montenbruck et al. 2014; Wang et al. 2016 ). This justifies the need for first estimating the SDCBs and then delivering the estimates to interested PNT users.
Usually, the approach for jointly estimating the VTEC and the SDCBs involves the use of GNSS data on two frequencies and thus requires the participation of one or more geodeticgrade receivers. Hereinafter, we refer to this approach as dual-frequency (DF) approach, which, in principle, is comprised of two sequential steps (Banville et al. 2014; Ciraolo et al. 2007; Stephens et al. 2011 ). In the first step, one aligns the precise but ambiguous phase to the noisy but absolute code observables on an arc-by-arc basis, thereby yielding the ionospheric observables that are a combination of the slant total electron content (STEC), the SDCBs and the receiver differential code biases (RDCBs). This procedure is termed as carrier-to-code leveling (CCL) technique (Brunini and Azpilicueta 2010; Brunini et al. 2008) . The second step concerns the application of thin-layer ionospheric model to those ionospheric observables (Brunini et al. 2011) , from which the VTEC, the SDCB as well as the RDCB estimates arise.
Although not everyone agrees that the DF approach may be by far the state-of-the-art, it continues to serve the needs of the ionospheric community. Here, we briefly revisit two typical uses of this approach. The first use is to produce the snapshots of the global VTEC in the form of global ionosphere maps (GIMs) on a regular basis, a routine task that the International GNSS Service (IGS) generally carries out (Feltens 2003; Hernández-Pajares et al. 2009; Mannucci et al. 1998 ). The second use, which we shall consider in our analysis, is to generate local VTEC using GNSS data from a single receiver. This use is in particular beneficial for monitoring the spatial and temporal evolutions of the ionosphere over a given location (Choi et al. 2012; Sezen et al. 2013) . At the same time, the attractiveness of DF approach lies also in its ability to provide SDCB estimates as by-products.
Note, interestingly, that there is a vast body of literature on a single-frequency (SF) approach, estimating VTEC from the code-minus-phase (CMP) observables (Cohen et al. 1992; Oladipo 2013, 2014; Xia 1992) . One prominent advantage over the DF approach is that the SF approach is more cost-effective because it relies upon mass-market (instead of geodetic-grade) receivers. However, the inability of the SF approach to estimate SDCBs (along with VTEC) remains a bottleneck problem. This comes as no surprise, since CMP observables do not encompass the SDCBs.
In this work, we propose a novel SF approach, enabling the joint estimation of VTEC and SDCBs from the original GNSS code and phase observables. Our approach consists also of two steps, and it differs from the DF approach only in the first step, where we correct the original GNSS data with the precise satellite orbit and clock products delivered by the IGS so as to construct the observed-minus-computed observations and then process them into the ionospheric observables through the precise point positioning (PPP) technique (Zumberge et al. 1997 ). As we shall detail in the next section, these observables contain the STEC, the SDCBs and the biased receiver clocks at the first (pivot) epoch, and one can thus estimate from them the VTEC and the SDCBs with the thin-layer ionospheric model. This is the main contribution of this work.
The organization of this work proceeds as follows. Section 2 reviews in brief the basic principles and technological aspects of the CCL technique and then describes in detail how to deal with the rank deficiencies underlying the original code and phase observation equations, a key issue to be addressed for the development of PPP technique. We close this section with an introduction to the main formulae of the thin-layer ionospheric model. Section 3 presents the experimental results from applying our SF and the DF approaches to GPS data collected by receivers of different types and manufactures under all possible ionospheric conditions, in seeking to clarify the overall performance of our SF approach in estimating the VTEC and the SDCBs using a single GPS receiver. We conclude in Sect. 4.
Methodology
This section starts with a review of CCL technique, proceeds to PPP technique and ends with a presentation of thin-layer ionospheric model.
Carrier-to-code leveling (CCL)
For completeness, let us first present the CCL technique, which constitutes the first step of the DF approach. The point of departure is the system of linear observation equations, which reads (Leick et al. 2015) ,
(1) with r, s, j and i the receiver, satellite, frequency and epoch indices, and where p s r, j (i) and φ s r, j (i) denote, respectively, the code and the phase observables. Here, we consider a measurement scenario that one GNSS receiver tracks dualfrequency code and phase data from a total of m satellites over t epochs, thereby implying r = 1, s = 1, . . . , m, j = 1, 2 and i = 1, . . . , t. The parameters include, ρ s r (i) the combination of all frequency-independent effects, ι s r (i) the STEC experienced on the first frequency with coefficients μ j = λ 2 j /λ 2 1 and λ j the wavelength, d s , j the satellite code instrumental delays and d r, j the receiver counterparts, a s r, j the real-valued ambiguities absorbing the phase instrumental delays. All parameters are expressed in units of range, except ι s r (i), to which a unit conversion from meters to total electron content units (TECU) is applied after the estimation process. The sensitivity of the ionospheric range delay to STEC for the GPS L1 signal is 0.162 m per TECU. The parameters assigned with epoch index i are assumed timevarying, whereas the remainders are assumed time-constant.
There are three interrelated tasks that one needs to undertake.
The first task is to construct geometry-free code and phase observation equations, taking the following forms, 
where we see that, this ionospheric observable is a linear combination of the original STEC ι s r (i), one SDCB d s gf and one RDCB d r,gf .
Precise point positioning (PPP)
We base our derivation on the single-frequency ( j = 1) variant of Eq. (1), which reads,
where we consider the fact that μ 1 = 1.
We first of all rewrite ρ s r (i) in the form, 
i).
Equation (8) represents a rank-deficient system, with which one cannot estimate the parameters uniquely. We tend to eliminate the rank deficiency in this equation, of size 2 (m + 1), by means of re-parameterization.
We focus first on the code observation equations. 
where use has been made of 
with d t r (i) the biased receiver clocks.
When it comes to the phase observation equations, we have the following equality,
if the biased ambiguities. Considering Eqs. (9), (10) and (11), we can rewrite Eq. (8) as
where the d t r (i), the ι s r (i) and the a s r,1 are still not individually estimable, because there is a rank deficiency occurring among them, which is of size one. To solve this, we opt for not estimating the biased receiver clocks at the first epoch d t r (1), thereby resulting in the full-rank variant of Eq. (12), which reads,
with dt r (i) the estimable receiver clocks,ῑ s r (i) the estimable STEC andā s r,1 the estimable ambiguities. Regarding Eq. (14), three remarks are in order. First, the dt r (i) begin to be present at the second epoch and beyond, since they represent the drifts of the original receiver clocks dt r (i) with respect to the first epoch. In summary, Eq. (13) accounts for the functional model of our PPP technique. For completeness sake, we point out that we base the stochastic modeling of the GNSS observables on the elevation-dependent weighting strategy. Moreover, in addition to precise satellite orbit and clock products, we also consider applying a number of corrections, including the solid Earth tide, the phase wind-up effects, and the satellite and receiver phase center offsets and variations, to the code and phase data.
Thin-layer ionosphere model
As we mentioned earlier, one needs to refer to the thinlayer ionosphere model to estimate the VTEC, along with the SDCBs, from the ionospheric observables whose inverse covariance matrix is used as weight matrix. Roughly speaking, this model takes advantage of two facts. First, the STEC can vary, and this variability is driven by a variety of factors of which geomagnetic latitude, local time and elevation angle are most prominent. Second, the SDCBs and other nuisance parameters, such as the RDCBs, likely remain constant over time under normal environmental conditions.
The thin-layer model exploits the first fact by approximating the whole ionosphere with a spherical shell located at a pre-specified height, say, 450 km, above the Earth's surface. At the points where satellite-to-receiver ray paths pierce the shell, called the ionospheric penetration points (IPPs), we relate the STEC ι s r (i) and the VTEC ν s r (i) using a mapping function M s r (i) which reads (Brunini and Azpilicueta 2009 ), 
where IPP and REC denote, respectively, the geomagnetic latitudes of the IPPs and of the receivers. IPP = 2π (t i −14) 24 denotes the solar longitudes of the IPPs, with t i the local time to which the epoch i corresponds. E ab , C k and S k are coefficients that are unknown. We conclude this section with Fig. 1 , which depicts the schematic diagram of DF approach, and that of our SF approach. By the use of this figure, we review the primary features of each approach as follows.
The DF approach adopts GNSS data at two distinct frequencies, and it consists of two sequential steps. In the first step, we construct the geometry-free code and phase observables, to which, we apply the CCL technique in order to obtain the ionospheric observables, interpreted as a linear combination of the STEC, the SDCBs and the RDCBs. The thin-layer ionosphere model fulfills the role of isolating the interested parameters (the VTEC and the SDCBs), along with the nuisance ones (the RDCBs), from the ionospheric observables.
Our SF approach is fairly similar in implementation to the DF approach, but it bases joint estimation of the VTEC parameters and the SDCBs merely on single-frequency GNSS code and phase data corrected by the precise satellite orbit and clock products externally provided by, for instance, the IGS. The task of retrieving the ionospheric observables, containing the STEC, the SDCBs and the biased receiver clocks at the first epoch, is now accomplished by the PPP technique. After this, we again turn to the thin-layer ionosphere model.
Results
We begin this section by describing the experimental setup, followed by illustrating numerical results, from which the major findings we identify are also detailed.
Experimental setup
We applied the DF as well as our SF approaches to two sets of GPS data, collected by receivers of different types (mass-market, geodetic-grade) under different ionospheric conditions (solar activity, geomagnetic latitude). This is helpful for us to gain a thorough understanding of the overall performance of each approach.
The first set of GPS data was sampled every 30 s by four co-located receivers during April 19 (DOY 110) to May 25 (DOY 146), 2016. These receivers, designated respectively as CUAU, SPU3, CUT2 and SPA8, are deployed at the main campus of Curtin University (Perth, Australia), and the distance between any two of them does not exceed 400 m. We point out further that CUAU and SPU3 are two low-cost UBLOX EVK-M8T receivers, connected to geodetic-grade antennas and offering GPS L1 data. Would one use patch antennas, the data so collected can be prone to severe multipath effects. One solution to this issue is to use the modified sidereal filtering (Choi et al. 2004 ), but we leave this outside the scope of our current analysis. The CUT2 and SPA8 are, respectively, a TRIMBLE NETR9 receiver and a SEPTENTRIO POLARXS receiver; they supply GPS L1 + L2 data for our use. In addition, because of the colocation, the effects due to the ionosphere on GPS data ought to be same for each receiver. We shall draw on this fact in the following analysis.
The second set of GPS L1 + L2 data was collected by a few hundreds of globally distributed receivers (see Fig. 2 for their locations) at a 30-s sampling rate, during a solar maximum month March 2014 and a solar minimum month March 2015, namely two separate months 1 year apart.
On a receiver-by-receiver and day-by-day basis, we generated one or two daily time series of the VTEC for the IPPs at the zenith of each GPS receiver, called zenith VTEC; each time series represents results obtained from a particular approach. Note that this process also produced the daily estimates of the SDCBs for GPS satellites in view of each receiver.
In our data processing, we used a cutoff elevation angle of 30 • so as to discard particularly noisy GPS data. We empirically set the zenith-referenced standard deviation to 30 cm for the code and to 0.3 cm for the phase. When implementing the PPP, a least square batch adjustment is used to process the GPS L1 data, corrected by IGS final orbit and clock products, into ionospheric observables along with their covariance matrix. We estimated the ZTDs as piecewise constants with an update rate of 2 h. In addition, we aligned the C1, if any, to the P1 using the monthly values of P1-C1 SDCBs published by the Center for Orbit Determination in Europe (CODE). This implies that the type of the SDCBs that two approaches deliver is always P1-P2. Fig. 1 Schematic diagram of the customary DF approach (in black) and that of our SF approach (in red); the middle part shown in blue is common to both approaches
Results of the first data set
We focus first on Fig. 3 , depicting the ionospheric observables determined for two receivers SPU3 and SPA8 from their GPS L1 (using the PPP) or L1 + L2 (using the CCL) data collected on May 5, 2016 (which is an arbitrary choice). We split this figure into three panels for clearer presentation, with each panel showing the results for a different receiver or data source. Moreover, in each panel the results for different GPS satellites are colored differently. Taken together, we make three remarks here. First, we see that in this case the ionospheric observables can take negative values for some satellites, for instance PRN 23, as marked with an arrow. This is, however, not unexpected, given their interpretation (see Eqs. 4, 14) . Second, considering, again, the ionospheric observables obtained for GPS satellite 23 in Fig. 3a -c, they follow an order of increasing smoothness, thereby indicating that their quality is mainly driven by the code data. Third, as should be the case, we can readily recognize that the overall pattern in the ionospheric observables is more or less identical from panel to panel, with higher spatio-temporal variability and larger magnitudes at daytime than at night, reflecting the typical signature of the ionosphere. Now turn to Fig. 4 , where each panel shows five time series of zenith VTEC estimates with a time resolution of 5 min for a pair of mixed receivers (one low-cost UBLOX receiver and one geodetic-grade receiver) and for one randomly selected day. Overall, it follows that in each panel the three time series, 
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(c) shown with solid lines and referred to the left y axis, agree well with one another; in accordance with our expectation, each time series exhibits a pronounced diurnal variation, with maxima and minima near local noon and midnight, respectively. To further quantify this agreement, we calculated the mean bias and the standard deviation (STD) for two SF time series (solid red and green lines) by using the corresponding DF time series (solid blue line) as a reference and present the results in Table 1 . Note further that in each panel the dashed red and green lines with asterisks (referred to the right y axis) show, respectively, the two SF time series that each has been differenced with respect to the DF time series. The main Table  1 , is straightforward. The application of our SF approach to GPS L1 data provided by a geodetic-grade receiver (SPA8 or CUT2) and by a low-cost receiver (SPU3 or CUAU) shall deliver VTEC estimates of virtually the same quality, as evidenced by the fact that these estimates have approximately the same mean biases and STD values (see , Table 1 ). This appears to be quite favorable, since it justifies the subsequent analysis of our SF approach using a global network of geodetic-grade receivers (instead of low-cost ones, which are not available), from which further findings we shall draw can still be considered representative. It is noteworthy that, along with the zenith VTEC estimates discussed above, we obtained also daily estimates of SDCBs, whose offsets with respect to the corresponding monthly products delivered by the CODE, expressed in absolute values (and thus called absolute offsets hereafter), are shown in Fig. 5 , following the same arrangement as Fig. 4 . Let us refer to the percentage of satellites with absolute offsets less than 1 ns as a performance measure. Then it follows that, such a percentage for the DF approach resides between 78% (Fig. 5f ) and 97% (Fig. 5c) , generally lower than that for our SF approach, amounting to 100% for red bars and varying from 90% (Fig. 5d) to 100% (Fig.  5a, f) for green bars. This implies that DF approach can perform worse than our SF approach, as far as the singlereceiver-based SDCB estimation is concerned. We surmise this may be attributed to two reasons. First, whereas the CCL assumes the geometric effects on GPS data to be completely unknown, the PPP exploits a priori knowledge about the geometric effects by taking advantage of precise satellite orbit and clock products externally provided as corrections. Second, more importantly, the DF approach is susceptible to the systematic errors induced by time-varying RDCBs (Ciraolo et al. 2007 ). Roughly speaking, one assumption, tacitly made by the DF approach, that RDCBs remain constant over time, is in very many cases definitely contradictory to the experimental facts. Fortunately, this is not the case with our SF approach, since the ionospheric observables from which it estimates the SDCBs are RDCB-free.
Results of the second data set
The experimental results so far reported are not altogether adequate, since they were obtained under limited ionospheric conditions (37 consecutive days, four receivers at a Fig. 4 , and the corresponding monthly products published by the Center for Orbit Determination in Europe (CODE). The arrangement of this figure is the same as that of Fig. 4 . In all panels, the results for each GPS satellite are shown by stacking the three bars on top of each other middle-latitude site), and thus lead to findings which, though suggestive, are by no means conclusive. For this reason, we further processed the second set of GPS data, in order to ascertain how well our SF approach works under diverse ionospheric conditions. Considering the fact that we have got a large set of results, we do not attempt to cover all of them; rather, without loss of generality and for the sake of clarity, we shall only present the results for 12 receivers whose geographic locations are highlighted in Fig. 2 with black stars. Let us focus first on Fig. 6 , consisting of six panels, with each showing two time series of zenith VTEC estimates determined using, respectively, L1 + L2 and L1 data from a common receiver with a time resolution of 5 min. Each time series covers a period of 24 h from 12:00 a.m. to 12:00 a.m. (UTC) next day, or more precisely, one full day in March 2014, a solar maximum month. It is worth mentioning that, six receivers involved here are divisible into three pairs, with each pair being located in high-, middleand low-latitude regions, respectively. See the leftmost four columns of Table 2 (top block) for more details. Using the DF time series (blue line) as a reference, we calculated, on a panel-by-panel basis, two quality measures including the mean bias and the STD, for the SF time series (red line) and present the results in the last column of Table 2 (top block) . Two findings emerge here. First, our SF approach is capable to deliver zenith VTEC estimates that are close to unbiased, as evidenced by the fact that, the mean biases computed are small in magnitude and can be considered insignificant from a practical viewpoint. Second, the quality of SF time series decreases as the level of the ionospheric activity increases. Notably, the high STD values (between 1.60 and 1.75 TECU) occur at two low-latitude sites, IQQE and ADIS, which are near the geomagnetic equator and most likely subject to disturbed ionospheric activity. As compared to this worst-case scenario, we see reduced STD values for the remaining four sites by a factor of more than two owing to relatively calm ionospheric activity. Figure 7 is analogous to Fig. 6 , except that it involves different receivers and different days in March 2015, a solar minimum month. Likewise, Table 2 (bottom block) summarizes the receiver characteristics and the statistics of the SF time series. The present results not only confirm the two findings above, but also reveal that the SF time series obtained for a middle-latitude site DUND at day 60 of 2015 exhibits the lowest mean bias (− 0.07 TECU) and also the smallest STD (0.38 TECU), thus corresponding to a best-case scenario. We attribute this superior performance to the fact that the thin-layer ionosphere model is highly likely to work well under calm ionospheric conditions. Finally, we direct our attention to the daily estimates of SDCBs, which we obtain together with the daily time series of zenith VTEC estimates shown in Figs. 6 and 7. For conciseness, we shall restrict ourselves to the results (given in Fig. 8 as absolute offsets) for six (instead of 12) receivers and for six (instead of nine) days. Consider, again, the percentage of satellites with absolute offsets less than 1 ns as a performance measure. We see, for our SF approach, that, this percentage is as high as 96% (Fig. 8d-f) at the solar minimum month (March 2015) , irrespective of the locations of the receivers; this value drops and can vary from 73% (Fig. 8c) to 85% (Fig. 8a) at the solar maximum month (March 2014). Under these scenarios, both DF and our SF approaches perform close to each other. However, an obvious exception occurs for a low-latitude site (ADIS) and for a day in March 2014 (DOY 60), where the percentage experienced by DF approach is 36%.
Conclusions
The customary dual-frequency (DF) approach for joint estimation of vertical total electron content (VTEC) and satellite differential code biases (SDCBs) requires GNSS code and phase data on two frequencies, and can be characterized by two sequential steps: retrieving ionospheric observables and applying to them a thin-layer ionospheric model.
In this work, we have developed a single-frequency (SF) approach, which retains exactly the same applicability as the DF approach, but, in addition to this, has the marked advantage of being workable with low-cost mass-market GNSS receivers, providing code and phase data on only one frequency. Both DF and our SF approaches follow the same two-step process; the main difference lies in that, they employ, respectively, the carrier-to-code leveling (CCL) and the precise point positioning (PPP) to implement the first step.
We assessed the performance of our SF approach on two sets of GPS real data. The first data set, covering a time period of 37 consecutive days, was collected by two mass-market and two geodetic-grade receivers that were deployed close to each other at a middle-latitude site. The second data set came from a global network of approximately 200 geodeticgrade receivers for the solar minimum month March 2014 and the solar maximum month March 2015. On a receiver-byreceiver, day-by-day basis, use has been made of DF and/or our SF approaches to estimate daily time series of zenith VTEC with a time resolution of 5 min, along with daily estimates of SDCBs for GPS satellites in view of each receiver. Empirical analysis of the results so obtained warrants two conclusions.
First, both approaches are capable of delivering zenith VTEC estimates that are reasonably consistent. For a common receiver (or multiple co-located receivers), the overall consistency between two daily time series derived, respectively, by DF and our SF approaches, in terms of STD, is found to be at the level of a few tenths of a TECU to roughly 2 TECU. Second, our SF approach appears promising as a means to calibrate SDCBs under varying ionospheric conditions; it can provide daily estimates of SDCBs with absolute offsets less than 1 ns for 73-96% of GPS satellites in view, considering as a reference the monthly products published by the CODE. When it comes to the DF approach, this percentage stays more or less the same in most cases, but may drop sharply to less than 40% during extremely disturbed ionospheric conditions.
